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Jlekuus 2
AHAJIN3 JIMHEWHBIX PE3UCTUBHBIX HENEN

Ilaan

1. Beenenue

2. MeTon y370BBIX HAIPSHKEHUM

3. Y3110BbIe ypaBHEHUS IS LIENEH C yIpaBisieMbIMU UCTOYHUKAMHU
4. Anroput™m GOpMHUPOBAHUS Y3JIOBBIX YpaBHEHUMN

5. MoauuuupoBaHHbIA METOJT Y3JIOBBIX HAINPSKEHUN

6. [Ipumepsl cocTaBiieHHs] MOJIU(PUIIMPOBAHHBIX Y3JIOBBIX YpaBHEHUIN
7. BeiBOOEI

1. BBeaenue

VYpaBHEHUsT DJJIEKTPUYECKOW LEMU COCTABISIIOTCS HA OCHOBE 3aKOHOB
Kupxroda. B xone npeasiayiiei 1eKuu ObLI0 MOKa3aHO, YTO CUCTEMA YpaBHEHUM
Ha OcHOBe 3akoHOB Kupxroda Moxxker ObITh 3alyMcaHa B MAaTPUYHOM BHJE C
MOMOIIBIO TONOJIOTUYECKUX MaTpuil. OO0I11ee YUCIO YpaBHEHHM, COCTABISIEMBIX 11O
3akoHaMm Kupxroda, paBHo yuciy BetBeil. OnHako s 1enei 00JbIIoro pazmepa
YHUCJIO YPaBHEHUI OKa3bIBAETCS CIUIIKOM BEJHUKO.

3agadyy aHaJIu3a Pa3BETBICHHBIX LENEW MOXKHO 3HAYUTEIBHO YIPOCTUTH,
€CIM BOCIIOJIb30BATBHCS  CIIELMAIBHBIMU METOJAaMHM, NpPEIHA3HAYECHHBIMH IS
pacuera ClOXHBIX Lenel. OIHUM M3 TaKUX METOJOB SIBISETCS Memoo Y3108biX
HanpsdiceHutl, KOTOPBI Mbl PACCMOTPUM B CIEAYIOLIEM pa3ele.

2. MeTon y3/10BbIX HATIPSKEHU I

B merone y3imoBBIX HanpsKEHUN HE3aBUCUMBIMU IEPEMEHHBIMU SIBIISIIOTCS
HAIMPSHKCHUS Y3JI0B IIETIH OTHOCUTEIBHO BHIOPAHHOTO 0a3uCHOTO (OMOPHOTO) y3ia.
OTH  BENWYMHBlI  HA3BIBAIOT  )3106bIMU  HanpadiceHuamu. 11om0XUTEIbHBIE
HalpaBJICHUsT  y3JIOBBIX  HANPSDKEHUM  YKa3blBalOTCA  CTPEJIIKAMU  OT
paccMaTpuBaeMbIX y3/10B K 0a3ucHOMY. B kauecTBe nocieaHero yqjo0HO BbIOUPATH
3a36MJICHHBIM y3€]1 WIN y3€l, B KOTOPOM CXOJIUTCSI HauOoJblliee YHUCIO BETBEM.
VYpaBHEHHUsI COCTaBIISIIOT TOJBKO Ha OCHOBE mepBoro 3akoHa Kupxroga. [loatomy
aHAJIU3UpyeMas LElb MOXKET COJIEPKATh TOJIBKO MCTOYHMKM TOKa. Eciu B cxeme
UMEIOTCSI  UCTOYHUKMA  HAmpsDKeHWs, OHWM  JIOJDKHBI  OBITh  3aMEHEHBI
DKBUBAJICHTHBIMU UCTOYHUKAMU TOKA.

Martpuunas ¢opMa y3/J0BbIX YPaBHEHUH. Y3J0Bbl€ ypaBHEHHUS YAOOHO
3anuchiBaTh B MaTpuyHoi ¢opme. B obmiem Buae 11 nenu, uMeromeit n+1 ysen,
9TU YPaBHEHHUsI UMEIOT BUJL!
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3mech — [V] BEKTOp Y3JIOBBIX HampspDkeHui. KBajapaTHyro MaTpHily

ko3 duneHToB [G] Ha3BIBAIOT Mampuyell Y3108blX Npo8ooUMocmell, a BEKTOP
MIPABO YaCTU — 8EKIMOPOM Y3108bIX MOKOE.

DJeMeHThl Ha TJIABHOW JHAroHajdd MATPHUIBI Y3JIOBBIX IPOBOJIUMOCTEH
Ha3BIBAIOT COOCMBEHHbLIMU NPOBOOUMOCHAMU V3108. COOCTBEHHAs! MPOBOJUMOCTD
I—ro y3ma ¢, paBHa CyMME INPOBOJMMOCTEH BETBEH, CXOAALIMXCS B 3TOM Y3II€.
DJIEeMEHTBI MaTPHIIBI [G], pacroIO)KCHHBIC BHE TJIABHOHM JIMAaroHalld, Ha3bIBAIOT
63AUMHBIMU NPOOOUMOCMAMU. B3auMHas MPOBOAMMOCTb MEXKIY y31aMu | u | g,
paBHA TIPOBOJUMOCTH BETBH, COSAUHSIONICH 3TH y3JIbl, B3STOM cO 3HaKoM “ —“. B
MIACCUBHOM IIETH, KOTOpasi HEe COACPIKUT yIPABIICMBIX HCTOYHUKOB M HJCATbHBIX
OV, g, =0, , ¥ MaTpuua y3JIOBbIX IPOBOJMMOCTEH CUMMETPUYHA OTHOCHUTEIBHO
TJIABHOW JUArOHaJIH.

Takum oOpasom, eciu K- BeTBb BKITIOUCHA MeXAy y3nmamu | u | (puc. 2.1a),
ee MpoBoAMMOCTh (G, BOIET B 3JIEMEHTHl MATPHIbI Y3JIOBBIX HPOBOIUMOCTEI,
pacroIoKeHHbBIC Ha MEPECCUCHUH CTPOK U CTOJIOIOB ¢ HOMepaMu | | | (puc. 2.10).
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DJeMEeHThl BEKTOpa Y3JIOBBIX TOKOB PaBHbI alreOpanvyeckoil cymMme TOKOB
HMCTOYHUKOB, CXOJAIIUXCA B COOTBETCTBYHOLIEM Yy3ie. Ecnu He3aBUCHMBIN
UCTOYHHK TOKa J, BKIIOYEH MEXKAY y31aMu M u N (puc. 2.2a), TOK 3TOro
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UCTOYHMKA HEOOXOIUMO YYECTh B BEKTOPE Y3JIOBBIX TOKOB TaK, KaK IIOKa3aHO Ha
puc. 2.26.
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Puc. 2.2

PaccmoTpeHHbIE CBOMCTBa MAaTpHUIBl Y3JIOBBIX MPOBOJWMOCTEM M BEKTOpa
y3JIOBBIX TOKOB HE 3aBHCST OT BbIOOpA HaIpaBieHUI TOKOB BETBEW UM HyMepaluu
y3710B. OHH MO3BOJISIIOT CPOPMHUPOBATH Y3JIOBbIE YPABHEHHSI HEMOCPEACTBEHHO IO
cxeme, 0e3 nmpeaBapuTeNIbHOM 3aliCH YpaBHEHUN 10 niepBoMy 3akoHy Kupxroda.

Ilpumep 2.1. 3anucath y3J0BbIE ypaBHEHMUsI IJis 1IE€MH, MMOKAa3aHHOW Ha pHC.
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Puc. 2.3

JlJisi paccMOTpeHHOro TpHUMepa Y3JIOBble ypaBHEHHsS B MaTpU4YHOU Qopme
MMEIOT BUI:
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3. Y3/10Bble ypaBHEHHsI JAJIs HeNeil ¢ HCTOYHUKAMM TOKA, YIPaBJisieMbIMH
ToxkoMm (UTYH)

Ecnmu UTYH BxioueH Mmexay y3namu |, |, K, | Tak, kak mokasaHo Ha puc. 2.4,

ero mapamMeTp S BOWAET B MAaTpHILy Y3JIOBBIX MPOBOAMMOCTEH CIEAYIOIIUM
obOpazom:
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Puc. 2.4

B cooTBeTcTBHMM ¢ MpaBHIIOM, KOTOPOE€ MBI CHOPMYIHUPOBAIH, Y3JIOBBIC
ypaBuenus 1ienu ¢ UTYH (puc. 2.5) umeror Bua:
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[TapameTp ympaBiasieMOro UCTOUYHHMKA BXOJUT B DJIEMEHTHI MAaTPHUIIbI Y3JIOBBIX
MIPOBOIMMOCTEHN, KOTOPhIE HAXOASATCS Ha MepeceueHuu cTpok 2, 3 u cronodios 1, 2.

Puc. 2.5

3aMeTuM, 4YTO MaTpHIa Y3JIOBBIX IPOBOAMMOCTEN IENHU, COJAEpIKAILIEH
yIpaBiisieMble UCTOUHUKH, HE OyIeT CHMMETPUYHOM.

4. Anroputm ¢popMupoBaHus y3J10BbIX YPABHEHUI

PaccMoTpeHHbIE CBOMCTBA MAaTPUIIBI Y3JIOBBIX MTPOBOJUMOCTEN UCIIONB3YIOTCA
B ainroputMe (QOpMUpOBaHHUS  Y3JOBbIX ypaBHEHMH, OCHOBAaHHOM  Ha
HOCJIEA0BATENBHOM NIEpebope BETBEH.

AnroputM (OpMUPOBaHUS Y3JIOBBIX YPaBHEHHI BKITIOYAET CIIECAYIOLIUE [Iary.

1. Beibupaem Ga3ucHbBIN y3el.

2. OcranbHbBIM y311aM npucBauBaem Homepa 1,2, K, n, - 1.

3. [IpeacraBnsiem MaTpuily Y3JIOBBIX MPOBOAMMOCTEH B BUAE TaOIUIBI,
UMEIoLIEN (ny - 1) CTPOK U (ny - 1) CTOJIOIIOB.

4. Tlonaraem Bce 3JE€MEHTHI MATPUIIbl Y3JIOBBIX IMPOBOJUMOCTEN U BEKTOPHI
Y3JIOBBIX TOKOB PaBHBIMU HYJIIO. DTO SKBUBAJEHTHO HUCKIIOYEHHUIO U3 CXEMBI BCEX
AJIEMEHTOB.

5. IloouepenHo BKIIIOYAEM 3JIEMEHTHI B cxeMmy. Ecim pesucTop BKIIIOUEH
MEXIy y3JaMH | ¥ |, €ro MpOBOJAMMOCTH 3alMChIBAEM B 3JICMCHTHI MATpPHIIBI,

PacIojIoKEeHHBIC Ha MEPECEUCHUH CTPOK M CTOJOLOB ¢ HOMepamu | u | (puc. 2.2).

Ecmu pesucTop BKIIOYEH MEXKAY Y3JI0M | H 0a3uCHBIM, €ro MPOBOAMMOCTH
3alMChIBa€M B COOCTBEHHYIO IMPOBOJUMOCTSD I-r0 y31a ¢, . Ecim mexny yznamu i

W | BKIIOYCH UCTOYHHUK TOKA, €r0 TOK 3alKChIBAEM B I-I0 U J-I0 CTPOKH BEKTOpa
y3JI0BBIX TOKOB (puc. 2.3).
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6. ®opMupoBaHUE Y3JOBBIX YPaBHCHHH 3aKaHYMBAETCS, KOTJIa B CXEMY
BKJIIOUEHBI BCE DJIEMEHTHI.

MeTon y3JI0BBIX HANPSIKEHWM I[IMPOKO HCIOJB3YETCS B Iporpammax
MAIlIMHHOTO aHaJIM3a AJIEKTPOHHBIX CXEM. DTO OOBSICHIETCS MPOCTOTOM aaropuTMa
dbopMUpOBaHUs Y3JIOBBIX YPAaBHEHUN W XOPOIIEH YHUCICHHOW O00YCIOBJICHHOCTHIO
MATPHUIIBI y3JI0BBIX TPOBOJUMOCTEM.

5. Moau¢guumupoBaHHbI MeTO/1 Y3JI0BbIX HANIPSKEHU

Metoa y37I0BBIX HANPSKEHUN NPUMEHUM Ul LENEeW, KOTOpbIE COAEepIKaT
TOJBKO PE3UCTUBHBIE DJIEMEHTHl C HEHYJIEBBIM CONPOTUBICHUEM, HE3aBUCUMBIC
UCTOYHUKU TOKA M MCTOYHHUKH TOKa, yrpasiseMbie HanpsokeHueM (MTYH). Ecnu B
CXeM€ HMMEIOTCSA JIpyrue BUABI DJIEMEHTOB, HAIlpUMEP HE3aBUCUMbBIE HCTOYHUKHU
HANpsHKCHUST WK yrpasisieMble UcTouHUKH (kpome MTYH), oHM JOMKHBI OBITH
npeoOpa3oBaHbl B SKBUBAJIEHTHbIE UCTOYHUKU TOKAa. Takue 3JeMEHThl Ha3bIBAIOT
HepeynapHbimu. KpoMe TOro, ¢ IOMOLIBIO METOA Y3JIOBBIX HAIPSKECHUI MBI HE
MOYKEM B SIBHOM BUJI€ PaCCUUTATh TOKU BETBEM.

OTUX HEAOCTAaTKOB JIMIIEH MOOUPUYUPOBAHHBIU, N PACIIMPEHHBINA, METOA
Y3JI0BBIX HanpskeHU. CyTh 3TOr0 METO1a 3aKI0YACTCS B CIEAYIOLIEM.

1. He3aBucuMbIMU TNIEPEMEHHBIMU SIBJISIOTCS Y3JI0BbIE HANPSHKEHUS, a TaKKe

TOKHU HEPETYJISIPHBIX JIEMEHTOB.

2. Cucrema ypaBHEHMIl BKIIIOYAaE€T YpaBHEHHS Ha OCHOBE IIEPBOTO 3aKOHa

Kupxroda u KOMIOHEHTHbIE YpaBHEHHUS HEPETYISIPHBIX AIIEMEHTOB.

Pacmupennsie y3710Bbie ypaBHEHUS UMEIOT POpMY:

fv] Mldvla_dal
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Marpuna ko3pPUIHEHTOB B cucTeMe ypaBHeHHE (2.1) pa30uTa Ha YeThIpe
cyomatpuiiel. CyOmatpuiia [Y] pasmepa (ny - 1)>(ny - l) SABJISICTCSL MaTpULEH
y3JIOBBIX MPOBOAUMOCTEN peryispHoi yactu 1enu. CyOmarpuna [M] COJIEPKUT
KO3 (PUIMEHTH KOMIOHEHTHBIX  YpaBHEHUH, a [N] YUUTHIBAET  TOKH
HEPETYJISIPHBIX 3JIEMEHTOB B YPaBHEHUSX 10 NiepBoMy 3akoHy Kupxroda.

Kaxxnomy HeperyiasipHoMy 3J€MEHTY B PACIIUPEHHOM CHCTEME YypaBHEHUM
COOTBETCTBYIOT JIOMOJHUTEIbHBIE CTpOKa U croyben. Jlig Kaxaoro Buua
AJIEMEHTOB OHM MMEIOT ompejeneHHylo ¢opmy. B crpoke 3amuchiBaior
KOd(pUIIMEHTBI KOMIOHEHTHOTO YpaBHEHHS, a B CTOJIOE — KOA(DPUIIUCHTHI
ypaBHEHHMI MO mepBoMy 3akoHy Kupxroda, yuuThIBaIOIIUX TOK HEPETYISIPHOTO
aneMeHTa. JlJis KaKJoro Takoro »JieMeHTa JOMOJHUTENbHbIE CTpOKa U CTONOell
UMEIOT OIpPEACNICHHYIO CTPYKTYpy, KOTOpble YAOOHO H300pakaTb B BHJE

TpadapeToB WIH <«ITaMnoB». «lllTamMmbl» OCHOBHBIX AJIEMCHTOB NPHBEACHBI B
Taoi. 2.1.
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Kak mnpaBuiio, 4YMCIO paclIMPEeHHBIX Y3J0BBIX YPaBHEHUN 3HAYUTEIHHO
MPEBBILIAET YUCIO YPaBHEHUMN, COCTABISEMBIX B COOTBETCTBUU C «KJIACCUYECKUM»
METOJIOM Y3JIOBbIX HampspkeHuil. OgHako MaTpuia K03 (GUIUEHTOB pacliupeHHOM
CUCTEMBbl YPaBHEHUM COJIEPKUT OOJIBIIOE YHUCITIO HYJIEBBIX 3JIEMEHTOB. MaTpuisl, B
KOTOPBIX OOJIBLIMHCTBO 3JIEMEHTOB HYJIEBBIC, HA3BIBAIOT paszpedcenHvimu. Jlis
paboThl ¢ TAKUMHU MATPULIAMH HUCIOJIb3YIOT CIELHANbHBIE aJTOPUTMBbI, KOTOpHIE
MO3BOJISIIOT HE MPOU3BOIUTE ONIEPALIMI C HYJIEBBIMU 3JIEMEHTAMU U HE XPAHUTH UX.
OTO MO3BOJSET 3HAYMTENIBHO COKPATUTh MAIMHHOE BpeMs, HEOOXOIUMOe s
pElIeHUs] CHUCTEMBbl YpaBHEHUH, M [OaMmsaTh I XpaHEHUs  MaTpHIIbI
koapdunrentoB. Takum o0pa3oMm, s MaNIMHHOTO aHalu3a YAOOEH MeTos,
MUHUMU3UPYIOIIUNA HE YHUCIO YpaBHEHUH, a YHUCIO HEHYJEBBIX 3JIEMEHTOB B
Matpuiie K03pQUIHUEHTOB.

CpaBHEHUE DPA3IUYHBIX METOJOB aHAllM3a 3JEKTPOHHBIX CXEM IOKa3bIBaeT,
4TO0 B OOJBUIMHCTBE CiIyyaeB MaTpula Ko3(p(UIMEHTOB MOAU(PUIUPOBAHHOU
CUCTEMBI Y3JIOBBIX YypaBHEHHMH sBIsieTca Haubosee paspexeHHou. I[lorTomy
MOAU(PUIUPOBAHHBIA ~ METOJ  Y3JOBBIX  HAMpsDKEHUH  HAXOAUT  LIMPOKOE
MPUMEHEHUE B IPOrpaMMax MAIIMHHOTO aHaJIN3a 3JEKTPOHHBIX CXEM.

4. Tlpumepsbl cocTaBjaeHnss MOAUPUIHMPOBAHHBIX Y3J10BbIX YPABHEHUI

Ilpumep 2.2. 3anumem Moau(UIMPOBAHHBIE Y3J0BbIE YpaBHEHHUS Uil LIETIH,
MOKa3aHHOMU Ha puc. 2.7.
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Tabmuua 2.1

PaCH_II/IpCHHBIe Y3JIOBBIC YPABHCHUA IJIs1 CXCMBI HAa pUC. 2.7 uMeroT BU.
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B nmocnenneld cTpoke 3amyMcaHO KOMIIOHEHTHOE YypaBHEHHWE HCTOYHUKA
HanpsbkeHus: - V,+V,=E. DnemeHtsl mnocnegHero cronlua MaTpUIlbl

K09((OUIMEHTOB YUYHTHIBAIOT TOK HeperyisipHoro snemenrta (|_.) B ypaBHeHHsX
U1 IEPBOTO U TPETHETO CTOJIOLOB.

PaccMmoTpum npuMepsl opMUPOBAHUS PACIIMPEHHBIX Y3JIOBBIX YPaBHEHUH.

[Ipumep 2.3. CocTaBUTh pACIIUPEHHBbIE Y3JIOBbIE YpPaBHEHUS I CXEMBI C
UJicajbHBIM ONepaIlMOHHBIM ycuuteseM (puc. 2.8).

KoMmnoHeHTHbIE ypaBHEHUSI HEPETYIISIPHBIX JIEMEHTOB.

Hctounuk Hanpskenus: V, = E;

Omnepanumonssiii ycunurens: V, - V, =0.

Puc. 2.8

PaCH_II/IpeHHBIe Y3JIOBBIC YPABHCHUA IJIs1 CXCMBI HAa pUC. 2.8 uMeroT BU.

€ 0 0 -1 0pV,u é0y
& B, 0 el
0 G+G, -G, 0 Ouug\’zu 204
@0 -G, G, 0 -1KV,0=é00
S8 0 0 0 O0%l.; &
g -1 0O 0 O, H €oH

Kaxmomy  HeperyiaspHoMy JJIEeMEHTY B  MaTpule  Kod(h(UIMEeHTOB
COOTBETCTBYIOT JIOMOJIHUTENbHBIE CTpoKa W croyiden. Pemenue pacmmpeHHon
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CHUCTEMBI Y3JIOBBIX YPAaBHECHHUH IMO3BOJIUT OIPEICIUTh HANPSIKEHUS y3JI0B, a TAKXKE
TOK UCTOYHHKA U BBEIXOJHOU TOK OV.

PaccmoTpenHble mpuMepbl TMOKa3bIBAIOT, YTO MAaTPHIBl KOI(PDOUIIUEHTOB
PACIIMPEHHBIX Y3JIOBBIX YPAaBHEHUH ABJISAIOTCS BECHbMA PA3PEKEHHBIMU.

6. BeiBoABI

1. Metop y3/10BBIX HaMpsHDKEHUN — METOJ] pacdeTa JISKTPUUYECKUX 1eTel, B
KOTOPOM HE3aBUCHUMBIMHU TEPEMEHHBIMHU SIBJISIOTCS HAMPSOKCHUS Y3JIOB  IEIH
OTHOCHUTEJIBHO BBIOPAHHOTO 0A3MCHOTO y3Jla. YPaBHEHHS COCTaBIISIOT HAa OCHOBE
nepBoro 3akoHa Kupxroda.

2. Y3710BbI€ YpaBHEHHUsI, 3alMMCAaHHBIC B MATPUUHOUN hopMe, UMEIOT BU]T

lGlv]=[3].

3nech [V] — BEKTOp Y3JIOBBIX HampsbkeHud. KBagpaTHyro Marpuily
K03 puLeHTOB [G] Ha3bIBAIOT MATPUIIEH Y3JOBBIX MPOBOAUMOCTEH, @ BEKTOP
IIpaBOM 4acTu [J] — BEKTOPOM Y3JI0BBIX TOKOB.

3. DieMeHThl Ha TJIaBHOW JUAroHadd MATPHIbl Y3JIOBBIX MPOBOAMMOCTEH
HAa3BIBAIOT cOOCMEEeHHbIMU NPosooumocmamu y3aoB. CoOCTBEHHAs MPOBOJIUMOCTD
| -To y37ma Qjj paBHa CyMMe NPOBOJAMMOCTEH BETBEH, CXOISILIMXCS B ITOM Y3I€.

DNeMEHTBl MaTpHULIbI [G], PacCIIONIOKEHHbIE BHE TJIaBHOM JMAaroHalid, Ha3bIBalOT
63AUMHBIMU NPO6OOUMOCTAMY. B3aMHas TIPOBOIMMOCTD MEXIY y3/laMu | U | O

paBHA MPOBOJUMOCTH BETBHU, COEUHSAIOIIEN 3TH y3Jbl, B3ATOW CO 3HAKOM MHHYC.

4. Metoj y3JIOBBIX HANPSDKEHUH MIMPOKO HCIONB3YETCS B Iporpammax
KOMITBIOTEPHOTO  MOJICJUPOBAHMS DJIEKTPUUECKUX Iened. OTo o0BscHsAeTCA
MpPOCTOTOM  anroputMa (GOPMHUPOBAHUS  Y3JOBBIX YpPAaBHEHMM U XOpoIleH
YHUCJIEHHON 00YCIIOBJIEHHOCTHIO MATPHUIIBI Y3JIOBBIX TPOBOIUMOCTEH.



