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Jlexkuusna 4

AHAJIN3 HEJJUHEWHBIX PESUCTUBHBIX IIENIEH

Ilaan

1. Brenenue

2. UucnenHoe pelieHne ypaBHEHUN HETMHEMHBIX PE3UCTUBHBIX Ienei
3. JIuckpeTHBIE CXeMbl 3aMEIeHUs] HETMHEHHBIX PE3UCTUBHBIX IIETICH
4. BeIBOIBI

1. BBeaenue

OnHa U3 BaXXHEMIIMX 33/1a4 aHAJIN3a HEJIMHENHBIX LENel 3aKIIYacTcs B
onpeeieHuy paboynuX TOYEK WIM TOYEK CMELIEHUS DJIEKTPOHHBIX MPUOOPOB.
Paboueu moukou HENMHEWHOTO >JIEMEHTA HA3bIBAIOT 3HAUYEHUS ITOCTOSHHBIX
HampsDKeHUsT U ToKa, M300pakaeMbIX B BHUAE TOYKM HAa €ro BOJIbT-aMIIEPHOMN
XapaKTEPUCTHUKE.

PaGouyio TOUKy oOINpeAenstoT Npu JAEUCTBUU IMOCTOSHHBIX HCTOYHUKOB
HanpspKeHUs: U ToKa. [Ipu 3TOM MHIAYKTUBHBIE JIEMEHTHI 3aMEHSIOT KOPOTKUMHU
3aMBIKaHUSAMU, & EMKOCTHBIE — Pa3pbIBOM.

[Ipocrelimum siBnsieTcs rpaguyecKuid MeTo ONpeesieHus: paboueld TOUKH.
B cooTBeTcTBHM € 3TUM METOJOM paboyasi TOYKAa HAXOJIUTCSA Ha IMEepeceyeHUu
BAX HenuHEWHOW MOJACXEMBI M HArPY304YHOW MPSAMOU JIMHEWHOW LIETIH.

PaccmoTpum rpaduueckuii MmeTon ompeneneHus padoueit Touku. Beiienum
B aHAJIM3MPYEMOH IenH JBe HoacxeMbl: nuHeiiHyo N, u nemuueitnyro N, (puc.

4.1).

o

Puc. 4.1

J171s1 BBIOpaHHBIX HAMPaBJICHUH HAIIPSHKEHUM M TOKOB CITPaBEIJIMBbI
paBEHCTBA!
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I,=1,=1; U,=U,=U. (4.1)

IIpencraBuM JIMHEWHYIO 4YacTh LENMHA SKBUBAJIEHTHOM CXeMOM TeBEeHUHA
(puc. 4.2).

BAX nuHelHON MOACXEeMBbI MPEACTABISET MPSAMYI0, HNPOXOAIIYIO Yepes
TOYKM Ha OCSIX HANPSHKEHUH M TOKOB, COOTBETCTBYIOIIUE PEXKUMAM XOJIOCTOIO
X0J1a U KOPOTKOTO 3ambikanus (puc. 4.3). Ee Ha3bIBalOT Haepy30uHOl npsAMO.

B coorBerctBumM ¢ paBeHcTBamu (4.1) paGodas ToYka HaXOIUTCS Ha
nepeceueHny BAX nenuneitHoi nmogcxemsl N, ¥ Harpy3o4Hoil mpsiMoi (Touka a

Ha puc. 4.3).

(o)

Puc. 4.2

K3

U

U

XX

Puc. 4.3

I'paduueckuit  meton  ompeneneHuss  paboyell  TOUKH  SABISETCS
NpUOIMKEHHBIM W TPUMEHSAETCS Ha MPAKTUKE TOJBKO JUIsl Lened MpocTou
KoH(purypauuu. Ero gocromHcTBaMH SBASIOTCA MPOCTOTA W HATJSHOCTD.
['paduuecknii MeTOq MOXKHO UCIHOJB30BaTh JJIA ONpPEAENCHUs HayalbHOIO
NpUOSMKEHUS, a 3aTeM ISl TTOJIyYeHHS] TOYHOTO PEIIeHUs] TPUMEHUTh YUCICHHBIN
METOJ.
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Ilpumep 4.1. PaccmoTpuMm mnpumep omnpeaeneHus pabodeil  TOuKHu
HenuHEeWHoro »jeMeHTta. llenb, mokaszaHHas Ha puc. 4.4, UMeEeT MapaMeTphl:

E=2B, R=250wm. BAX nenuneiinoro snemenTa: | (U )= 0.04U 7%,

O,OSAJ, §
—{——o0——
R 0,04
OL _Hw
Puc. 4.4 Puc. 4.5

HampsxeHue xonoctoro xoja jauHeiHoro apyxnontocHuka U, . =2 B. Tok

E

KOPOTKOTO 3aMbIKaHus |, =E =0.08 A. Harpy3ouHas xapakTepucTUKa LeENu

CMEILIEHUs — MpsiMasi, Ipoxosinas uyepe3 Touku ¢ koopauraramu (0, 0.08) u (2,0)
Ha puc. 4.5. Pabouas Touka HaXOJUTCS Ha MEPECCUYCHUH HAIPY30YHOU IPSIMOM M
BAX nenunetinoro pesucropa. Ee xoopaunate! (1, 0.04).

1. YucieHHoe pelieHre yPAaBHEHNH HeJIMHEHHBIX Pe3MCTUBHBIX Lenei.
Metoax Herortona - Pagcona

HaubGonee  pacnpocTpaHeHHBIM  METOAOM  pEIICHHs  YpaBHEHUH,
ONUCHIBAIOIINX [OBEJACHUE HEIMHEWHBIX PE3UCTUBHBIX LIEMEH, SIBISAETCS METOA
Herotona-Padcona. D10 UTepalMOHHBIA  METOJ  pELICHUS  HEJIMHEHHBIX
YpaBHEHUM, 3alIUCAHHBIX B BUJIE

f(x)=0. (4.2)

HpCJIHOJIO)KI/IM, 1o X ABIISACTCA HpI/I6JII/I)KeHHBIM 3HAYCHUCM KOPHA

k
ypaBHeHus (4.2). B okpectHOCTH Xy 41 QYHKIHIO f(X) MOYHO Pa3JIOXKUTh B PsiA

Tewnopa:
f(x +h)=f(x)+hf(x)+05n*f(x )+... (4.3)

CumBoiom ' B mocienHed  Qopmyne  o0Oo3HaueHa  omepanus
nuddepentmpoBanus. Oropocum B (4.3) HenmuHelHbIe cnaraembie. [lonaras, 4ro
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YTOUHCHHOC 3HAYCHHC KOPHA Xk+1 = Xk +h aBigercs HWCTHUHHBIM, HaﬁHeM
3HA4YCHUC IIOIIPaBKU.

h=-f(x )/ f(x).

Pemenne ypaBHenus (4.2) Ha4MHAIOT C TOTO, YTO OIMPEACISIOT HAYaIbHOE
npuOIMKEeHHE KOpHS Xg. YTOYHEeHHOe 3HaueHue Xy +1, K =1, 2, K, onpexnensercs

o ¢hopmyie

X, =X - f(x )/ fq(x). (4.4)

Pacuer moBTOpAIOT 10 TEX MOP, MOKa MOIMPABKA HE CTAHET MEHBIIE 3aJaHHOU
MOCTOSTHHOU &

Xic+1 - Xk| <e.

PaBenctBo (4.4) Ha3biBatOT ypaBHeHUeM HprotoHa-PadcoHa.

Meton Heiotona - Padcona mmMeeT OBICTPYIO CXOAMMOCTH B TOM cllydae,
€CIM HavaJlbHOE MPHUONMKEHHUE BBIOPAHO JOCTATOYHO OJU3KO OT HCTUHHOTO
pemienus. OHAKO €ClU HayalbHOE MPUONIKEHHE JAJIEKO OT TOYHOI'O pelIeHus,
utepaunru Hetotona - Pagcona moryt He cxoautbes coBceM. [logpo6HO BOMPOCH
oOecreyeHus: CXOJIMMOCTH Y YUCICHHOW YCTOMUYMBOCTH MPU aHAJIN3€ HEIIMHEUHBIX
neneit paccmorpenst B [10, 11].

f(x)n
X, X
—
f(x,)
Puc. 4.6
Merton Heiorona - PadcoHa wumeeT MNpPOCTYyIO TEOMETPHUYCCKYIO

uHTepnperauuo. O6parumcs k puc. 4.6, HAa  KOTOpOM H300pakeH Tpadux
byHKUMN f(x). OTOpachiBaHHIO HEIMHEHHBIX cllaraeMbix B Qopmyne (4.3)

COOTBCTCTBYCT 3aMCHaA (1)YHKI_II/II/I f(X) KacaTeJbHONW B TOYKE C KoopaAnHaTaMu
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{Xl, f (Xl)}- [IpoBenss kacaTenmbHYIO 10 TIEPECEUYCHUS C OChI0 X, Hai/IeM MOMpaBKy

h u yrounennoe 3uauenue kopus X2 (puc. 4.6).

Ilpumep 4.1. Pacder HeIMHEWHON pEe3UCTUBHOM I1enmu MeTogoM HeroToHa -
Padcona. Ilenb, mnokazanHas Ha puc. 4.7/, HUMeeT CIEAyIOIUe MNapaMeTphl:
J =80MA,G=0.04Cum. Bonpr-amnepHas  xapakTEepUCTHUKa  HEJIWHEUHOTO

pe3ucTOpa OMUCHIBACTCS BhIpAKCHHUEM: | (U ) = 0.04U *. Heo6X0auMO OIPEIEIUTh
pabouyro TOUKY HEJTHMHEHHOro 3JIEMEHTA.

@ o] Hw
|

Puc. 4.7

Pewenue. B coorBeTcTBUM € niepBbIM 3akoHOM Kupxroda
- J+GU +0.04U* =0.
Wrak, HenMHENHOE ypaBHEHUE UMEET BUI:
f(U)=-0.08+0.04U +0.04U* = 0.
IIpousBonHas ONpEAEIIAETCS YPABHEHUEM
f(U)=0.04+0.08U .

Beibepem HauanbHOoe mnpubmmxkenne Ug =0. YTouHeHHOe pelieHue Ha

IICPpBOM 1Iare:

fUp) 0.08
Up=Ug- — X% =0+——=2.
17507 F¢u,)~ " 004
Ha BTopom mare
U, =u,- ) -, 016,

2

bfqu,) 0.2

Ha tperbem u derBeprom miarax nomyuum: U, =1.012,U, =1. Takum

oOpasom, HampsiKeHre HeluHeHoro ementa U = 1 B.
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Meton HproTona-PadcoHa MOKHO HCIONIB30BaTh M JUIS PEIICHUS CHUCTEM
HEJIMHEHHBIX ypaBHeHUH. O003HAYNM [Xk]— BEKTOp INepeMeHHbIX Ha K-m 1mrare. B
3TOM ciiy4ae ypaBHenue (4.3) mpumMer BU/:

=[x Lol )l e G ) (45

3nech [J(X)] - marpuma SIko6m, dmeMEHTHI KOTOPOil PAaBHBI YACTHBIM
npoussonubm dfj /dX;.

PaBenctBo (4.5) Ha3piBaloT N-MEPHBIM aHAIOrOM ypaBHeHHs HproToHa-
Padcona.

OoOparenne Matpuibl SIkoou B ¢opmyne (4.4) TpeOyeT 3HAYUTEIHHOTO
KonudecTBa dneparuid. C BBIYUCIUTEILHON TOYKU 3peHus Oosnee 3(pdeKTuBHO
PEIIUTh CUCTEMY JTMHEWHBIX YpaBHEHUM

[ 0 x2]=a0x JIx] - 1 (x-)). (4.6)

Kak u B omHOMEpHOM ciydae, B N-MepHOM ciaydae merTon HprooToHa -
Padcona oGecrneunBaeT OBICTPYIO CXOAUMOCTh B TE€X CiIydasX, KOTjJa HadalbHOE
NpUOIMKEHUE BBHIOPAHO JOCTATOYHO OJMM3KO K MCTUHHOMY pelieHuto. OaHako
00BbeM BBIYUCICHUN MpH pPEIIEHMM MHOTOMEpPHOM 3a/lauyud pe3Ko BO3pacTaer,
IIOCKOJIbKY Ha KaXIOM IIare TpeOyeTcs BBIYMCIATH N’ IMPOM3BOIHBIX B MATPUILIE
SAxo6wu.

PaccmoTpuM OCHOBHBIE 3Tamnbl MPOLIEAYPHI PELICHUS] CUCTEMbI HEJIMHEUHBIX
ypaBHeHui MmeToioM Heiotona-Padcona.

1 Bribupaem MakcMMallbHOE YUCIO MTEpalUid M U JOMYCTUMYIO BEIMYHUHY
OLLIUOKH €.

2. Bri6upaem HauaabHOE NMPUOIMIKEHNE [X(O)].

3. Pemraem ypaBaenue (4.6) 1 HaX0IMM YTOYHEHHOE PEIICHUE [X(l)].

4.  Ecmu ||[X(k+1)]— [X(k)]” =J éN ()g"+1 - X" )2 <e, pemenue Halineno. Eciu

i=1
HCPABCHCTBO HC BBLIINIOJHACTCS, IOBTOPSACM IIar 3, HCIIOJIB3Ysl YTOYHCHHOC
3HAYCHUC BCKTOPA IICPCMCHHBIX.
5. Ecan uucno I/ITCpaHI/Iﬁ MPEBBICHIIO M U PCIICHUE HE HaﬁHeHO, BBI6I/IpaCTC$I
HOBOC HaA4YaJIBHOC HpI/I6JII/I)KeHI/I€, " rmpoucaypa pCCHUA IMOBTOPACTCA.
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2. IucKpeTHBbIE cXeMbl 3aMellleHUs] HeJTUHeHbIX
Pe3UCTUBHBIX LieNen

HpI/I HUCIIOJIB30BAHHNHU MCTOJa Herotona - Pa(i)COHa IJIA pCIICHHUA CUCTCMbI
HEJIMHEMHBIX ypaBHCHI/Iﬁ Ha KaX(HOﬁ UTCpanun HCO6XOIII/IMO BBIYUCIIATH YaCTHBIC

npousBojanbie  Ofj (Xk )/ de JUISL TIOJydeHWsT ~ MaTpuibl SIkoom [J (Xk), 4yTO

MPUBOJUT K OOJIBIIMM 3aTpaTaM MAalIMHHOTO BPEMEHU. DTy TPYAHOCTh MOKHO
MIPEO0JI0JIETh, €CIM HAa KaKJIOW UTepallMd HEJMHEWHbIE PEe3UCTOPHI MPEACTaBISATh
HKBUBAJICHTHBIMU JTUHEAPU30BAHHBIMHU CXEMaMHU.
PaccMoTpuM HenuHEHHYIO 1lenb, u300paxkeHHyto Ha puc. 4.8, a. Boabt -
aMmIiepHasi XapaKTepUCTUKA HETMHEHHOT O pe3nucTopa rnokasaHa Ha puc. 4.8, B.
[lockonbKy 3aXMMbl HEJIMHEMHOrO0 »JJIEeMEHTa  3aMKHYTHI  HAKOPOTKO,
YpPaBHEHUE HEJIMHEMHOW LETIN:

u(l)=o. (4.7)

O603HaunM HavanbHOE MpuOIMKEHUE | (O) B cooTBercTBUU ¢ QopMynon
HrroTona — Padcona

169 =10 (RO)'U(10), j=0,1, 2,.... (4.8)
3nech ( )
i du(l
R(J) :T‘izi(j) .

VYpaBuenuto (4.5) coorBercTByeT 3ameHa BAX HeJIMHEHHOro 3JjeMeHTa
KacaTeJIbHOM B TOUKE C KOOPJAMHATAMU (I Wy (’)). YpaBHEHUE KacaTEIIbHOM:

u(l)=RM". gV =0, (4.9)
Bemnunna EY paBHa OTpPE3Ky, OTCEKaeMOMY KacaTeJIbHOM Ha OCH
HanpspkeHuil. YpaBaenuo (4.9) COOTBETCTBYET JUHEHHAs cxeMa, M300pakeHHas

Ha puc. 4.8, 6.
Haiinem pemenue ypasuenus (4.7), ucronb3ys Mmeton HeroroHa-Padcona:

| G = () . [R(J’)]'lu (| (J’))_ (4.10)
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U(O)

U(l)

E(l)
E©
a 0 B
Puc. 4.8
ITpn | =1 (i) Bemonusercs paserctso U (1)=U (I (J)) CnenoBaTenbHO, €CH
tok npunnmaer 3Hauerme | =\ ypaBmenms (4.9) u (4.10) umeror

OJIMHAKOBBIC pemicHus. [1oaToMy Ha |-i uTepanuu HenuHelHoe ypaBHeHue (4.10)
MOYKHO 3aMEHHTh JTMHEHHBIM COOTHOIICHUEM (4.9) U MOTYyYUTh TAKOE JKE PEIICHHUE

j+1 . o o

I(J ) NubiMu croBaMM, Ha |- UTEpallMy HEJIUHEWHBIA AJIEMEHT 3aMEHSETCS
JUHEWHOW SKBHBAJICHTHOM cXeMoM, n3o0paxeHHoi Ha puc. 4.8, 6. [ToguepkHeM,
YTO JIMHEWHAs cXeMa SKBUBAJCHTHA HEJIWHCHHOMY 3JIEMEHTY TOJIBKO Ha |-i

utepauuu. Ha kaxnol craeayromeid uTepalud MapaMeTpbl R(j) u E(j)

PACCUUTHIBAIOTCS 3aHOBO B COOTBETCTBHH C HOBBIM 3HAUYCHHEM TOKa | ( +1).

Ecin nenb conepKUT HECKOJIBKO HEJMHEMHBIX AJIEMEHTOB, KaXKIbIM U3 HUX
MOHO 3aMEHUTh JTUHEWHOW IKBUBAJIEHTHOU cxemoil. Takum oOpazoM, pelieHue
CUCTEMbl HEJIMHEHHBIX ypaBHEeHHI MeTosoM HproToHa - PadcoHa sKkBHUBajeHTHO
aHAIM3Y MOCJIEN0BATEIBHOCTH JIMHEWHBIX CXEeM 3aMmelleHus. Ha Bcex urepanusax
CTPYKTypa JIMHEMHOW LIENIH OCTACTCs HEM3MEHHOM, a €€ MapaMeTpbl MEHSIOTCA
TUCKPETHO. [l03TOMY TakuMe SKBUBAJIEHTHBIE CXE€Mbl TMOJYYWIM  HA3BAaHUE
OUCKDEMHbBIX TUHEUHBIX CXeM 3aMeueHUs..

JIOCTOMHCTBO NUCKPETHBIX JIMHEWMHBIX CXEM 3aMEIICHUS 3aKI0YaeTCS B TOM,
YTO Mpoleaypa omnpenaeneHus paboyed TOYKM CBOJAMTCS K aHAIU3Y JMHEWHBIX
PE3UCTUBHBIX CXEM.

llpumep 4.2. [TocTpouth JINHEWHYIO cXemy 3aMEelLEeHUsA
MOJYIPOBOAHUKOBOTO 102, BAX KOTOPOro onuchIBa€TCs BhIPAKEHUEM |
I, =1,(e"" - 1).

D

3necs |, — oOpaTHbIi TOK HachlleHUs auonaa; Vit — TemmepaTypHas

ITIOCTOsITHHAasI.
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Pewenue. BonbT-amnepHasi xapakTepucTuKa A1oJa nokasana Ha puc. 4.9. Ha
puc. 4.10 noka3zaHa 1uHeHas cxeMa 3amelienus. [lapaMeTpsl TUHEHHOM cXEeMBbI

- dl DO =I_o UD 0/t
odu M
Ja =IDo - GauDO'
I A
loo |-
| Us
Upo
J,
Puc. 4.9
O @)

/IS

VD S E luD: Go

O O

Puc. 4.10

Js

IIpu xommuartHoii Temmeparype (25°C) Vi»25.8 wMB. OOpartHbli TOK
HachlleHnss Manomoinsoro mguoxa |, =10" A. Eciau HampsbkeHde auona
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U, =0.7B, tox |, = IO(eUDNt - 1) =1 MA, TO mapaMeTpbl JUCKPETHON JTUHEHHON
CXEMBbI 3aMeIleHUs T1oa

G = I_erDO/Vt —
Wt

-GU,, =

DO

5. BeiBoABI

1. OpHa W3 BaXXHEHIIMX 3a/ady aHajdn3a HEIWHEHHBIX IENeil 3aKiIrodaeTcs B
ONpeNeNeHNH padouuX TOYEK WM TOYEK CMEIICHUS JJIEKTPOHHBIX
puOOpoB.

2. PaGoueil Toukoil HETMHEHHOTO AJIEMEHTa HA3BIBAIOT 3HAYCHUS TIOCTOSTHHBIX
HANPSOKEHUST M TOKA, N300payKaeMbIX B BHJI€ TOYKH HA €ro BOJIBT-aMIIEPHOMN
XapaKTEePUCTHKE.

3. s ompeneneHusi pabovyMx TOUYEK HEIMHEWHBIX 3JIEMEHTOB HCIONIB3YIOT
rpaduyecKue 1 YUCICHHbBIC METO/IBI.

4, I'padmyeckuit  Meronm  ompeneneHuss  paboded  TOYKH  SBISETCS
npuOImKeHHBIM. ETO TOCTOMHCTBaMU SIBIISIOTCSA MPOCTOTAa U HATJISTHOCTb.
['padmyeckuii METOA MOXHO HCIONIB30BaTh JJI OMPECIICHUs HAYabHOTO
OpUONIDKEHUs, a 3aTeM JJs TOJIYYeHHsT TOYHOTO PEIICHUS NPUMEHUTH
YHCIICHHBIA METO/.

5. Jliss  aHanwW3a CIIOKHBIX HEJTWHEHHBIX IIeTed HCIONB3YIOT YHCIICHHBIC
MeToael. Hambomee pacmpocTpaHEHHBIM METOJOM pEUICHHsS ypaBHEHUH,
OTNMCHIBAIONINX TIOBEJCHUE HEIMHEHHBIX PE3UCTUBHBIX IEMeH, SBISCTCS
Meto HeroTona-Padcona.

6. B nporpammax cXeMOTEXHHYECKOTO MOJCIMPOBAHUS UCTIOIB3YIOT CXEMHYIO
UHTepnpeTanuio Mmerona HeroToHa-Padcona — MmeTon nMHEapU30BaHHBIX
CXEM 3aMeIICHUS.



